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Abstract. The problem of Aharonov-Bohm scattering on parallel flux lines of the same
magnitude is solved exactly and the differential cross section is calculated.

1. Introduction

The quantum mechanical scattering of electrons by a flux line was analysed by Aharonov
and Bohm (1959). Since then Aharonov-Bohm scattering problems have been solved
exactly only for the case of a single flux tube (Aharonov et al 1984, Brown 1985,
Gauthier and Rochon 1985). In this paper we shall further solve exactly the Aharonov-
Bohm scattering on parallel flux lines of the same magnitude. In §2 we derive a
simplified form of the vector potential in elliptical coordinates. In § 3 we solve exactly
the Schrodinger equation by means of Mathieu functions. In §4 we obtain the
differential cross section.

2. Vector potential

Let 0XY be the coordinate plane perpendicular to two flux lines having coordinates
(a,0) and (—a, 0). We choose two polar coordinates (p,, ¢,) and (p,, ¢,) with these
two points as poles. In the Coulomb gauge, the vector potential is

A=2<e_¢n+fﬁz> ()
2o \pr p2

where @ is the flux of the flux lines and e, and e, are the unit vectors in the transverse
direction of the two polar coordinates. In terms of rectangular coordinates

—yi+(x—a)j __~yit(x+a)j
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2574 Z-Y Gu and S-W Qian

When we use elliptical coordinates, the transformation equations are
x=a cosh u cos @ y=asinh w sin 6 (3)
the metric coefficients are

F 2 271/2
h#=[<a—x) +<ﬂ’_) ] =a(cosh’ u —cos’> 8)/*=h
H I

ax\*  [ay\*]"? 2 2 gy1/2 @
hhy={—) +{= = h* u - =h,
o [(60) (80) ] a(cosh” w —cos”® 6)
The relations between the unit coordinate vectors e,, e, and i, j are
. 1 9x 1ox a, . .
’=Z @-eM+;5§ e = (sinh u cos 0 e, —cosh u sin 8 e,)
139 19 a )
j=-};a—£eu+;; ﬁeg =Z(cosh,u, sin f e, +sinh w cos @ ;).
In terms of elliptical coordinates (1) becomes
®(—sin 0 cos 6 e, +sinh u cosh u e,)
A= 2 2 9)3/2 . (6)
ma(cosh® u —cos® 6)

Now we simplify the form of the vector potential by a gauge transformation. The
new vector potential is

1{~-® sinfcosb oA 1{® sinhu cosh u aA)
A=A+VA=— (= —g 0 4= (= DR COTR 00, (7
h( m cosh® u —cos® @ a;;)e“ h (rr cosh’ u —cos* 8 46 e (7)

Letting the coefficient of e, be equal to zero, we obtain
A ® sinfBcosé
P P e (8)
dp  ar cosh” u —cos” 6
Integrating over u we obtain
o, (coshp.cos 6—-1) o <cosh,ucos 0+1> :|
=— —L———— ) +sinT | ————— | +2g(6 9
27 [sm cosh uw—cos @ St cosh u +cos @ g(6) ©)
where g(6) is an arbitrary function of 6. Substituting (9) into (7) we obtain
_sgO) _ og'(6) ,
m h ° ma(cosh® u—cos?@)?""?

A’ g'(6)=dg(6)/d6. (10)

Equation (10) must satisfy the physical requirement that
é A-dr=90 § A -dr=9 (11)
C C,

where C, and C, are two closed paths around each flux. If we choose C, and C, as
shown in figure 1 then (11) becomes

@ /2 3m/2
—J g'(6)de=2> —(EJ' g'(0)do=9 (12)
mden/2 T Jr2
since

dr=hdpe,+hdbe, (13)
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Figure 1. Two closed paths around each flux.

and d6 =0 along the y axis. The simplest choice of g'(6) is
g'(8)=1. (14)
Substituting (14) into (10) we obtain

A= ® e (15)
"~ ma(cosh® u —cos> )2 *

3. The Schrodinger equation

The Schrodinger equation is

. 2
(V__l_e_A/> ¢,I=_k2¢’/. (16)
he
Substituting (15) into (16) we obtain
241 2.1 3 '
SV TV i4a Y (40— K2a¥(cosh® 4 ~ cos? )]y =0 17)
ou” a6 L

where k= (2mE/#%)"/? is the wavenumber and « = —e®/2r#c is the quantum number
of the flux. By writing ¢'= M(u)0®(8) we get
M"+a’k*(cosh®> u )M ©"+i4a® - (4a>+ a’k? cos® 6)©

= = +
M ) A+2g (18)

where g = a’k?/4 and A +2q is the constant introduced in separating variables. Let
v=ip 0(8)=¢"*°Q(9) (19)
then (18) becomes
d*M/dv’+ (A —-2g cos 2v)M =0
d’Q/d@°+ (A ~2g cos20)Q =0 20

which are recognised as the Mathieu equations. The wavefunction ¢ corresponding
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to A is related by the wavefunction ¢’ corresponding to A’ by
¢ =y ex (—ii/\>
<P he

—y exp{ia [sin“ (cosh i €cOs 6§ — 1)

cosh u —cos 6

h A+1
+sin“<—————————-—-coS f 208 >+29—w]} (21)
cosh w +cos 6

where g(6) in (9) is chosen to be (6 —7/2) and hence (14) is satisfied. Using the
general solution of (20) (Mclachlan 1947) we can obtain the general solution of ¢’

. € . e —
ilf = exP( —1 E A—lzae) ZO {[AnceZH(/J'a ‘1)+AnFe)’zn(lJ~, q)]ce2n(65 q)

+[B,Césns1(, )+ B,Feysnii(i, g)1c€2,41(6, q)
+[Cnse2n+1(,u'a ‘1) + CnGey2n+1(/~Ls q)]se2n+1(0> Q)
+[D,Serns2(p, q)+ DnGey2n+2(/"L’ q)1sern42(6, g)}. (22)

Equation (22) can be rewritten as

Y= Z_Og[cfnlcel(/“@ q)+ CruFeyi(p, )+ SiuSe(u, q)+ S5 Geyi(u, g)]cen (6, q)

+ z ;[Cfnlcel(,u" Q)"‘ CfaneYI(#, q)+sinlsel(“'s ‘I)

m=1

+8,.Geyi(u, q)1sen(8, q). (23)

It should be noted that coefficients C<,;, C%;, S<,. .., are functions of a.
Now we shall find these coefficients under the conditions 4 -0 and ¢~ 0. When
u =00, we have

o
=5 [sin"!(cos 8) +sin " *(cos 8)+20 —7]=0
mw

(24)
y=v' exp(—ih—iA) =y
cosh u >3e* jae’->p 6> ¢ hence A'> e,/ mp (25)
Cei(u, q) = piJi(kp) =0
Sei(u, )= siJi(kp) I=1 26)

Fey(u, q) > p1Y(kp) =0
Gey(u, )~ 5;1Y (kp) I=1

where (p, ¢) are polar coordinates with the origin 0 of the rectangular coordinates as
pole, the constant multipliers p; and s; are given by Mclachlan (1947, pp 368-9). When
g-0,

ce,, (6, q) » cos(m8) se,. (0, q) > sin(m#8). 27)
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When p >0 then a cosh u~a sinh u ~3a e* ~ p and we have M (u)= R(p). Letting
® =¢'"® we obtain
1 +2a)?
R”+—R'+<k2—£m——2i’i>R=o. (28)
P P

The solutions of (28) are Bessel functions of fractional order. Let r be the angle
between the y axis and the wavevector k of the incident wave, then we have (see
Aharonov and Bohm (1959) who chose r=—a/2):

w= Z e—iaw+imfjm+2& eimd>+ Z (_1) eia‘n——imr S e—imgb’ (29)
m=0 m=1
By means of the asymptotic relations of Bessel functions we can write
Tpeza(kp) =3 e™ [ ] (kp) +i Y, (kp)]+3 e[, (kp) =i Yn(kp)]. (30)
Substituting (30) into (29) we obtain
¥ =(e77%"+ 1) Jo(kp) +i(e7?*" = 1) Yo(kp)
+ Y {4 cos(2nt —am) cos(am)Jt,(kp)
n=1
+i4 sin(2nt — am) sin(am) Y,, (kp)} cos(2ne)
+ Y {i4sin[(2n+ 1)1 — am] cos(am) ., (kp)
n=0
+4cos[(2n+1)7—an]sin(am) Ya,+1(kp)} cos[(2n+1) ]
+ Y {i4cos[(2n+1)7—an] cos(an)s,. (kp)
n=0
—4sin[(2n+1)7—anm])sin(am) Ya,+1(kp)} sin[(2n+1) ]
+ Y {—4sin[(2n+2)7— an] cos(am) o, ,(kp)
n=0

+i4 cos[(2n+2)1 — am] sin(am) Ya,+2(kp)} sin[(2n+2) ¢ ]. (31)

In the limit u » o and g -0, by using (26), (27) and 6 —» ¢, we obtain from (23) the
following formula for ¢:

g =[(e7?*"+1)Ceylm, g)/2po+ile™*" = 1) Feyo(u, 9)/2polces(6, 9)
+ nil {2 cos(2nt —am) cos(am)Ces,(u, )/ pin
+2isin(2n7 — an) sin(am) Fey,. (w4, q)/ pha} ce2.(6, q)
i i {2i sin[(2n+1)7 - am] cos(am) Ceznr(is @)/ Phn
+2cos[(2n+1)7—am]sin(am)Feys,1(tt, )/ Prusi} Ce2ni1(0, q)
+§0 {2i cos[(2n+1)7 — amr] cos(am) Sez (s )/ i
—2sinf(Cn+ 17— an]sin(ar)Geyy (i, @)/ Shui1}s€rni1(6, q)

+ ZO { -2 Sin[(zn +2)T— aﬂ] COS(aW)Sez,H_z(,LL, q)/sl2n+2

+2i COS[(2n +2)T - aﬂ'] Sin(aW)Ge}’znn(lJ«, q)/s£n+2} Sez,,+2(6, Q)- (32)
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4. Scattering cross section

Since in the asymptotic region ¢ = 6, (29) can be rewritten as
¥ =exp[ - 2iab +ikp sin(8+ )]+ £(8) e*/Vkp. (33)

By the orthogonality of Mathieu functions we obtain

1 T ikp 1 T
;j exp[-—2ia6+ikpsin(0+~r)]y,(6,q)d0+jk_p;'[_ﬂf(0)yj(0,q)d6

-1

1 L

where (6, g) =ceo(6, q), (6, q)=ce;,(8,9), y:(6,q)=cer-1(6,9), yi(6,q9)=
s€,+1(0, 9), v4(6, q) = s5€:,42(6, g). The terms in (34) can be rewritten as

1 ks
—J exp[—2ia8 +ikp sin(6+7)]y,(6, q) do
T

-

=G;=G]e*/Vkp+G;e ™ /Vkp (35)
l o
;J: f(8)y,(6,q)d6=F; (36)
%fﬂ Uy, (8,q)d0=H;=Hje* /Vkp+H;e " /Vkp. (37)

Substituting (35)-(37) into (34), then comparing the coefficients of e'*vkp, we can
find F(e, 7):

F=Hy-G]. (8)

Since y;(6, g) form a complete set, we can express f(6) as

f(e)=%F0ce0(6a (I)+ Z FlceZn(69 Q)+ ZO F2C92n+1(9y ‘I)
n=1 n=

+ Z Fisey,41(8, q) + Z Fyse;,42(6, q) (39)
n=0 n=0

where we have used the normalisation conditions of Mathieu functions. It _should be
pointed out, when we substitute (35)-(37) into (34), that the coefficient of e 7'**/Vkp is

H;-Gi)+ £ (Hi-Gleen(6,00+ %, ¥ (H7 =Gy, (40)

ji=2n=0

which can be proved to be equal to zero (see appendix 1). Now let us calculate the
terms G, in (35) and the terms H; in (37).

4.1. Calculation of G;

Using formulae

eikpsin(6+r)= Z -Im(kp) eim(9+r) (41)

ma=—oc
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and

y,=ce» (6, q)= Z A37 cos(2rf) (42)
we get

G, = m;‘Z_w e J,.(kp) EO A" —71; f e "2 cos(2r6) d6. (43)

Using the asymptotic approximation
Jm(kp) ~ (ei(kp—-mn/2—7r/4) + e—i(kp—mw/2—7r/4))/\/m (44)

and the formula

VT m-2a00 sin(2am) +1( 1 1 )
— e 2r6) dg =———(-1)" +
W«[ cos(2ré) T (=1 m—-2a+2r m-2a-2r (45)

-

(43) can be written as

Sin(ZQH) i(kp—1w/4 2n —i(kp—m/4 42" T r 46
= > ] (e( /4 E Azrg—(’, ’) € ( 4 Z 2rg+( ? )> ( )
where

o

g.(nr)= Y eim(rxw/z)(_l)m+1< 1 + 1 )

m-2a+2r m-2a-2r

T ei2a(ri7r/2) .
=m(—1)2005[l(7':tw/2)]. (47)
Substituting (47) into (46) we get
2\ 12 . nminga eike e ~ike
G, = (__) ce,, 4 2, e| ar(e—mfr—-nr + iaT+in/4 >. 4
=(2) cetrtnizg) A (48)
Putting n =0 in (48) we obtain G,. Similarly we can obtain
2 1/2 o y eikp e—ikp
G - <_> ce,, (T+ T 2’ e| ar(_e—iaﬂ-—ifr 4 + iar+im/4 ) 49
2 2n+1 / Q) \/—k; € \/-—— ( )
( ) i2 iam—in/4 e +in/4 € e
se,,, r+ar 2’ e1 ar(_e-—la-ﬂ-lﬂ' + famw+iw ) 50
2n+1( /2, q) Tote N7 (50)
( ) 2 iom—im/4 eikp +im/a € e
G = se. " ’T+ s 2, el a-r(e—laﬂ'—lrr Ia'n' 17 >
4 2n-+2( /2, 9) \/_k; N7 (51)

4.2. Calculation of H;
Using (26), (32), (44) and the asymptotic approximation of Y,,(kp):

Ym(kp) ~ (ei(kp—mwn—w/‘i) — e—i(kp—m'rT/Z—rr/‘%))/m (52)
we obtain
H0=—1— <2 e i2am—in/4 Lkp_‘_eiw/v, ﬂ)
Nor ko o
. eikp ~ e ke
=H, \/Tp+ H, o (53)
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H —(—1)n<2cos(2n7—2a )e—i"/43—ifi+'e‘”/4zc (2n )e—]kp>
= T N 1 os(2nr NI
—ikp
—H*j_+ H; i/_ (54)
(_l)n ) eikp ~ikp
H2=\/5;(2isin[(2n+l)r—2a7r]e_”’/“\/k_p— e *sin[(2n+1)7] \/_>
. eik;:; e—ikp
=H +H5 5
2\/5 2 \/E (5)
(__l)n ) eikp ) ~ikp
H3=m(Zicos[(2n+1)7~—2a77}e_‘"/“\/_k;—2e‘"/4cos[(2n+1)7] \/_..>
eikp e—ikp
=H7} \/_+H3\/E (56)
(_1)n+1 ) eikp ) ~ikp
H,= N <—2sin[(2n+2)7-—2a77]e""/4\/7€;—2ie””“sm[(2n+2)r] \/_>
-ikp
elk e
=H; — +H . 7
4\/7(; 4 \/E (5)

Using the above results we can obtain F; from (38), and hence obtain f(8) from
(39). In appendix 1 we prove that the summation of all the terms involving
Gs, GT, G7, G7, G1 equals zero and hence we obtain

f(8)=3HGceq(6, q)+ Z_: Hice,,(6,q)+ Z_: Hjceyn.(6, q)

+ Z H3532n+1(9 q)+ Z H4S€2n+2(9 q). (58)

n=0

4.3. The case when q is small

In this case we can expand y;(6, g) as a power series of g, and so we can do the same
thing for f(8). From (58) we find the term not containing q is
—i3w/4

fo(8) = em sin(2aw) exp[—i(637+§>J [cos(%u%r)]_l (59)

and the term containing the first power of g is
—im/4

_ae
£i(0) =

{cos(26 —=2am)—e %" cos

—cos(t—0)[(7/2+ 7+ 8) cos(Qam) —sin(2am)

x (cosh™' [sec(7+ 8)|+1n|2 cos(7+ 6)|)]}. (60)
The detailed derivation of (59) and (60) is given in appendix 2. In short

f(8)=1(6)+£(6)+0(g?). (61)
When gq=0 and r=—7/2,

—i3w/4 e—iB/Z

fo(8)= T Sin(ZQW)W (62)
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we obtain the result of Aharonov and Bohm (1959) as expected, the only difference
being the replacement of a by 2a.
Neglecting O(gq?) we obtain the scattering cross section

o =[f(6)] =(Re f(8))*+ (Im f(6))’

sin*(2aw) _2(0 +7 7r>
= cos [ ——+ 2
27 2 4

sin(2Qa)

{cos 0 sin(2am)
27

g+
+tan <—2—T+§>[cos(26 —2am)—cos (2am) cos 0]

~cos(r— 9)[<§+ r+ e) cos(2ar)

—sin(2am)(cosh™![sec(r+ 8)|+1n|2 cos(7+ 0)])]} . (63)
When 7= ~7/2 and 2a = n+1, (63) reduces to

1
4 [2 cos 8 —cos® 8 —2sin’(6/2)

o =0 =5, cos(6/2) 2w

x (cosh™'|cosec 6] +1n|2 sin 6])]. (64)

In this case, the dependence of o on 6 for g =0 and g =0.1 are shown in figure 2.

5 d

-n/2 -3n/8 /b 0 L 3n/8 w2

8
Figure 2. Dependence of ¢ on 6.
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4.4. The case when g > 1
When g > c0 we know (Mclachlan 1947) that

AZ/AT > (-1)72 AZH/ATT > (-1 (2r+ )
B3I/ B > (-1 B33/ B> (1) (r+1) (65)
A" >0 A" 0 B"'-0 B3""? 0.

Hence in this case from (58) we obtain the result
f(6)~0 (66)

which is obvious from the physical point of view.

When ¢ is large but not yet infinite, we can use the asymptotic formulae for ce,,
and se,, when g >0 is large enough. For simplicity, we only write out the result when
T=-x/2 and 6=0:

2 cos*(2ar) - - T
=|f’= T [<%p0+ ) pzn> +(ztan(2am)ps+ Zopzw (67)
n=1 n=
where
Pin=(=1)"ces,(0, g)ceza(7/2, 9)/ A" (68)
Pén-&-l = (—1)n+lce2n+l(03 q)ceén-ﬂ(ﬂ'/zs q)/ql/zA(lzn+1)'
Acknowledgments
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Appendix 1
Here we give the proof of the following equations:

2Goceo(49 Q)+ Z G+Cezn(9 q)+ Z Gzcezn+1 (6,9)+ Z G35e2n+1(0 q)

n=0

+ Z GIse2n+2(63 q>=0 (All)

n=0

3Gocey(8, )+ Y, Gicean(6,9)+ Y Gicer,i(6, )+ Y, Giseroni(6, q)
n=1 n=0 n=0

+ Z G;se2n+2(6’ q) =O (Al-z)

n=0

zHoceo(e q)+ Z Hice, (6, q)+ Z H5ce (6, q)+ Z Hise,.1(6, q)

n=0

+ Y Hisesnes(6,9)=0. (AL3)

n=0
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Let us consider the case when q is small, then cey(z, g) =1. Firstly let us calculate

o1 =3t Z ceyu(T+ /2, q)cex,(6, q). (A1.4)
Using the formulae
ce;,(8,q)= Y A3 cos(2r6) cos(2r8) = Z Allce,,(6,q9) (Al.5)
r=0

we obtain

¢

Z ce;n(t+7/2, q) Z A37 cos(2rf) -1

n=0

Y Allce,, (r+7/2, q) cos(2rf) —3

0n=0

H
118

= Z cos[2r(7+m/2)] cos(2r8) —1= (A1.6)
Similarly we get

2= Z et (T+7/2,9)cern (6, 9)=0

= Z S€2n+1(7'+7r/2, q)se2n+1(6’ Q)=0 (A1.7)

n=0

= Z sy, o7+ /2, q)s€:,45(0, q)=0.
n=0
Since the LHs of (Al.1) is equal to

2 1/2 ) ) .
(;) elzaT e_laﬂ_lﬂ/“(Eo,l "22 _‘23+24) (A18)
then we prove (Al.1) by (A1.6) and (Al.7). Similarly, since the Lus of (Al.2) is
equal to

2 1/2 ) ) )
(—) e T e IS+ 2+ 25+ 2,) (A1.9)
w

we prove (Al.2). By aid of (Al.5) and similar equations, the LHs of (A1.3) can be
written as

ei'n'/4

T (Zo,1

and we thus prove (A1.3). Using (Al1.2) and (A1.3) we prove that the coefficient (40)
is equal to zero. With the aid of (Al.1) we obtain (58).

+2,+2,+3,) (A1.10)

Appendix 2. Derivation of (59) and (60)

In (58) we use the following expansion formulae:
cos[2(n+1)6] _ cos[2(n—1)6]
4(2n+1) 4(2n—-1)

ce,, (6, q)=cos(2n0)—q< )+O(q2) (A2.1)
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cos[(2n+3)0] 3 cos[(2n—1)6]

ce3,+1(6, q)=cos[(2n+1)0]—q< >+O(q2) (A2.2)

42n+2) 4x2n
sesni(6, ) =sin[(2n+1)61- g (““jg::;)) 2l _sinlt2e 2_"1)9]) +0(g})  (A23)
Sesnoa(6, g) = sin[(2n+2)0] g (““ﬁg:j:)) ! —j‘(;‘ffi))) +0(g). (A24)

Then, collecting the terms not containing g, through quite a tedious calculation, we
obtain (59):

(9)_e_i"/4< i2am _COS(8+T—2am) sin(2a7r)>
fol8) = V27 © cos(6+ 1) cos(6+7)
==e_i"/“sin(zaﬂ_)(-—icos((‘H—T)——[1-1—sin(¢9+7-)]>
V2w cos(8+7)
—ieTt @ )(sin(0+r+7r/2)—i[1—cos(6+~r+7r/2)]>
T an meem sin(0+ 7+ n/2)
e R exp[—i(8/2+7/2+mw/4)]
=2 e a2 12t/ 4) (A2.5)

When we collect the terms containing the first power of g, the result is

—-im/4

=4¢
fl(o)— m

[ ~1e™2%7 cos 6

cos[2(n+1)6] _ cos[2(n — 1)0])

+ 21 (—l)"+12005(2n~r—2a7r)< 22n+1) 22n-1)

—isin(r=2am) cos(36)+ ¥, (-1)"*'2sin[(2n+ 1)1~ 2am]
n=1

(cos[(2n +3)6] cos[(2n—1)6]

420 12) X )—%cos(r—Zan-) sin(36)

sin[(2n+3)6] sin[(2n - 1)9])

+ 2(—1)"”2 cos[(2n+1)r-—2a7r]< 42n+2) PV

+ 3 (“1)"™2sin[(2n +2)7 2]

sin[(2n+4)8] sin(2n6)
x( 4(2n+3) _4(2n+1)>]' (A2.6)

Through a long and tedious calculation we find
fP+ 17 =1cos(20 —2am)—1cos(r—6)

x [17 cos(am) —sin(2aw) cosh™'[sec(r+ 0)|] (A2.7)
O+ =4sin(r+36 —2am)—3cos(r—6)
x[(7+48) cos(2am) —sin(2am) In|2 cos(7+ 0)|] (A2.8)

fO+fP = =isin(r+360 -2am). (A2.9)
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There are seven terms in the large square bracket of (A2.6), represented by fV’, where
the superscript j represent the ordinal number of the term. Substituting (A2.7)-(A2.9)
into (A2.6) we obtain (60).
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